Abstract-The problem of the synthesis of optimal continuous aperture sources to optimally realize the satellite multibeam coverage of Earth is stated and solved. The design approach relies on a far-field representation which exploits at best the degrees of freedom arising from the geometrical structure of the well-known four-colors coverage map. The overall synthesis is stated as a Convex Programming problem wherein the fast achievement of the (unique) globally optimal solution is guaranteed. The introduced tools allow stating the ultimate theoretical radiation performances achievable by any circular-aperture antenna of fixed size and, at the same time, can be exploited as a reference in the synthesis of isophoric direct-radiating arrays. Numerical examples concerning a mission scenario recently proposed by the European Space Agency are provided.
INTRODUCTION
The demand of satellite communications involving higher and higher data rates, e.g., Broadband Internet Access and TV services such as High-Definition Television (HDTV) and Three-Dimensional Television (3DTV), is continuing to grow [1] [2] [3] [4] [5] [6] . This trend has a large impact on the electromagnetic specifications of the communication links. Moreover, the demand of high data rates lives together with one of small user antennas which require satellite high values of both the Equivalent Isotropically Radiated Power (EIRP) and the ratio between the antenna gain and noise temperature (G/T). This circumstance, combined with the necessity to cover large Earth regions as well as with the fact that the antenna directivity is inversely proportional to the area of its beam footprint, pushes towards the utilization of multibeam antennas [1] [2] [3] [4] [5] [6] .
A well-known and effective multibeam coverage scheme is shown in Fig. 1 , which has been devised by the European Space Agency (ESA) to provide services from Geostationary Earth Orbit (GEO) satellites [4] . In this canonical mission scenario, the region to be covered is hexagonally sampled into a number of circular spots having the same size and a constant center-to-center spacing. Each beam has been assigned a specific frequency sub-band and a specific polarization in order to avoid interferences amongst adjacent spots [4] . In particular, two different sub-bands (i.e., two portions of the Ku and Ka bands, respectively) and two different polarizations (i.e., the left-hand and right-hand circular polarizations) are adopted, so that four non-interfering beams are realized. The interfering spots, i.e., the 'iso-frequency' and 'iso-polarization' regions, are indicated by the same color, leading to the well-known 'four-colors' map (see Fig. 1 ). The extreme effectiveness of this coverage scheme is guaranteed by the well-known Four Colors Theorem, which establishes that "any map in a plane can be colored using four colors in such a way that regions sharing a common boundary (other than a single point) do not share the same color" [7] . In particular, while three is the minimum number of different channels which can be used in any reuse scheme [5, 6] , four is a very common choice [8] [9] [10] [11] . . Basically, the mission aims at maximizing the antenna directivity inside the spot marked with * subject to sidelobe upper bounds inside the spots marked with • [8] [9] [10] [11] .
Once such a mission scenario is defined, the problem can be formulated as that of synthesizing an antenna able to maximize the minimum guaranteed directivity inside the coverage zone while ensuring an adequate Carrier-to-Interference ratio (C/I) or Sidelobe Level (SLL) performance in each beam [4, [8] [9] [10] [11] . Whatever the choice of the final antenna, the identification of a continuous aperture source [8] fulfilling 'at best' the required specifications allows to a-priori ascertain the ultimate achievable radiation performance and represents also a 'reference solution' for the optimal synthesis of sparse [9] , thinned [10] , and clustered [11] Direct Radiating Arrays (DRA).
Notably, the state-of-the-art approaches proposed to realize the map shown in Fig. 1 involve circularly-symmetric field distributions, as they are the most attractive choice to perform the consequent design of isophoric DRA [8] [9] [10] [11] . For instance, the approach in [8] provides a Convex Programming (CP) procedure for the synthesis of continuous aperture sources realizing a circularly-symmetric directivity pattern fulfilling the requirements represented in Fig. 1 . However, by observing Fig. 1 it can be readily noted that, for each beam, the nearest 'iso-color' regions (i.e., the nearest interfering spots) are located over only six spatial directions. As a consequence, for a fixed elevation angle, the imposition of the C/I or SLL mission constraints over all the azimuthal radiation directions goes well beyond the specifications actually sufficient to realize the coverage. In particular, by fulfilling the C/I or SLL constraints not only on the 'iso-color' regions but also on the non-interfering spots, circularly-symmetric sources (and fields) unnecessarily over constrain the optimization problem.
In the light of the above considerations, it is clear that the ideal solution of the above coverage problem is given by sources showing an hexagonally-symmetric behavior in terms of the azimuth angle, which constitute the subject of the design approach proposed in this paper. In fact, such a kind of sources will allow enforcing upper-bound constraints on the sidelobes only where it is actually needed, i.e., just on the interfering spots. Therefore, these solutions, opposite to the state-of-the-art ones, will lead to the best exploitation of the antenna-synthesis degrees of freedom and hence to the achievement of the maximum feasible performance in terms of C/I and SLL.
In the following, we propose a new approach to the synthesis of continuous aperture sources such to realize the four-colors multibeam coverage while maximizing the antenna directivity and guaranteeing a fixed isolation between the central beam and the interfering beams. In particular, in Section 2 a field representation optimally suited 'by its nature' to the four-colors map scenario (and easily exploitable to realize any kind of field azimuthal symmetry) is introduced, and in Section 3 the overall synthesis is reduced to a CP problem. Then, in Section 4 the devised approach is tested against requirements and goals recently set by ESA for the multibeam coverage of the Europe from GEO satellites. Conclusions follow.
IDENTIFYING THE OPTIMAL REPRESENTATION OF THE FIELD
In order to come to an effective formulation of the problem at hand, some convenient representation is required for the electromagnetic source. Obviously, besides avoiding 'superdirective' solutions [12] , such representation should be able to describe the largest set of sources reflecting all the required symmetry properties. Moreover, in order to simplify the optimization procedure by virtue of the reduced number of unknowns, it should be compact [13] [14] [15] . Finally, as the achieved sources will serve as a reference and as a guide in the synthesis of actual radiating systems, the representation should guarantee some control on the physical features of the source (including its spatial variability and dynamic range). Finally, concerning the geometrical and spectral properties of the aperture and far fields' distributions, the representation should guarantee that:
• the far field and the corresponding power pattern are bandlimited functions (the latter having a bandwidth double with respect to that of the former); • the source must have a circular support of radius a (as requested by usual satellite specifications [8] [9] [10] [11] ); • the square-amplitude far-field distribution must exhibit a hexagonal symmetry with respect to the observation azimuth angle (in such a way to perfectly match the map depicted in Fig. 1 ).
For all the above, an optimal representation simultaneously fulfilling all these requirements consists in expanding the field as a superposition of basis functions similar to the TE 6n,m propagation modes (wherein n and m are non-negative integers) [16] of a circular waveguide of radius a. In fact, in addition to the satisfaction of all the above specifications, these modes allow one to exclude point-wise representations and provide both a closed-form expression for the far field and some control of radial variations of the pattern along the aperture. Therefore, by denoting ρ and ϕ as the radial and azimuthal coordinates in the aperture plane, respectively, the sought aperture field E AP , defined over a circular domain of radius a, has been expanded in the set of the unknowns complex coefficients {A} as:
wherein, by exploiting the guidelines of [16] , the f and g basis functions have been chosen as:
being J n the Bessel function of first kind and order n, Φ n,m the m-th root of the first derivative of J n , N + 1 the overall number of radiating modes adopted in the expansion, and 2M n the number of unknown coefficients for the TE 6n,m mode. Beside guaranteeing the desired field's symmetry, thanks to their orthogonality in the space of the square integrable functions, such basis functions allow a simple computation of the power flowing through the antenna aperture. By exploiting the formula in [17] , it can be easily shown that the two-dimensional Fourier Transform of E AP (ρ, ϕ), which represents (apart from inessential constants) the far field radiated by the sought source [8] , results equal to:
with
where θ and φ denote the elevation and azimuth angles spanning the observation space, respectively, and β = 2π/λ (λ denoting the wavelength) is the wavenumber.
It is interesting to note that the reasonings made above about the choice of basis functions in Eqs. (1b) and (1c) are quite general and could be exploited to identify field expansions exhibiting any desired symmetry with respect to the aperture azimuth angle.
Notably, before exploiting the above field representation the user has to perform an optimal choice of the N and M n values, which can allow not only avoiding the occurrence of superdirective sources but also guaranteeing a smooth amplitude distribution to the synthesized aperture fields (which is in turn essential to effectively perform their discretization into DRA [9] [10] [11] ). A first guide to optimally perform such a choice is provided by the observation of the singular values [15] of 'radiation' operator relating (1a) and (2a). Alternative simple ways for properly truncating the above expansions can be identified thorough the following simple reasonings.
Concerning the M n value, for any fixed index n it allows to control the number of radial oscillations of the field [16] . In particular, larger M n values provide the capability of fulfilling harder SLL and beamwidth constraints over the radial coordinate of the spectral plane. On the other hand, in order to avoid superdirective sources [12] , M n must be chosen according to the rules defined in [13, 14] , i.e., it should not exceed the number of degrees of freedom of the field associated to TE 6n,m mode. Hence, M 0 should not be larger than 2a/λ, which has been defined in [13] as the critical value of the bandwidth of a circularly-symmetric source of radius a. For n = 0, any increase of |n| entails a relevant increase of the number of zeroes (and oscillations) of the J 6n functions appearing inside (1b), (1c), (2b). Therefore, the larger n, the lower the optimal value of M n results.
Concerning N , such a parameter corresponds to the number of modes exploited (in addition to the TE 0,m ) to compose the overall radiated field. Therefore, for any fixed M n , the N value allows to control the number of the azimuth oscillations of the field [16] . In particular, larger N values will provide a better 'interlocking' of the synthesized field inside the coverage map (see Fig. 1 ), i.e., a better capability of optimizing the SLL or C/I performances exactly over the interfering spots. On the other side, for n = 0 all J n (x) functions exhibit for x = 0 a null having a width proportional to n. Therefore, by virtue of the J 6n functions appearing inside Eqs. (1b), (1c), (2b), an arbitrarily large value of N could produce poor power-pattern performances in center of the spectral plane.
Finally, the overall number of field contributions constituting Eq. (2a) should not exceed the overall number of degrees of freedom of the source, i.e., N and M n should obey the following rule:
In the following, the presented field representation is exploited to devise an effective source synthesis procedure.
THE SYNTHESIS PROCEDURE
In the following we present the synthesis approach with reference to a source pointing at boresight. This does not induce any loss of generality, as the beam can be conveniently steered to any desired direction by means of a proper linear phase shift and scanning losses can be tackled by strengthening the requirements on the far-field. By using expansions in Eqs. (1), (2), the problem of the synthesis of a continuous aperture source realizing at best the four-color multibeam coverage depicted in Fig. 1 
has been formulated as follows:
Determine the set of coefficients {A} such that:
wherein θ EOC denotes the Edge of Coverage (EOC) [8] [9] [10] [11] elevation angle, i.e., the border of the central spot (which is marked with '*' in Fig. 1 ), while ϕ * is an arbitrary value of ϕ, and UB is a real and non-negative function allowing the fulfilment of the SLL constraints. Let us now discuss the physical meaning of optimization problem in Eq. (4). As long as the central spot is sufficiently narrow (which is indeed true in any multispot Earth coverage realized form GEO satellites), the joint consideration of constraints in Eqs. (4b), (4c) provides the desired isolation amongst 'iso-color' beams, while the joint consideration of Eqs. (4a), (4b) allows to maximize the directivity within the central spot [8] . The reasons underlying such statements are given in the following.
Let us first consider the meaning of constraint in Eq. (4b). Without any loss of generality, the arbitrary reference phase can be fixed in such a way that the field is real in the specific directions (θ EOC , ϕ * ) [18] , which allows to deal with a linear constraint in terms of the real and imaginary parts of the unknown coefficients {A}. As long as the observation angle is sufficiently small, only the terms having n = 0 have to be considered in expression (2) . In fact, since J n (0) = 0 for any |n| = 0, the higher order terms will be negligible and the only 'excited' mode will be the TE 0,m , leading within the central spot to a (nearly) circularly-symmetric field. Under such circumstances, constraint in Eq. (4b) guarantees that the field is greater than or equal to 1 along the entire boundary of the spot. Moreover, if sin(θ EOC ) is smaller than the Nyquist Distance π/βa, i.e., than the minimum distance between two independent samples of the radiated field [13] , then the fulfilment of constraint in Eq. (4b) along the boundary of the spot implies that the field amplitude will be greater than the one in the whole spot (i.e., for each θ ∈ [0, θ EOC ]) [8] . Therefore, the contemporaneous enforcement of both constraints in Eqs. (4b) and (4c), and a proper choice of the 'upper bound' mask UB, will ensure that the central beam pattern will be sufficiently small in the 'iso-color' regions, thus providing the desired isolation amongst the interfering beams.
To get a better understanding of the characteristics of the UB function, a pictorial view of the mask required to realize the coverage of Fig. 1 (and used to generate the results shown in Section 4) is shown in Fig. 2 . In the latter, the green circle represents the boundary of the central spot, i.e., the EOC perimeter, while the red regions correspond to 'iso-color' spots wherein the central beam's pattern has to be lower than a fixed threshold depending on desired performance in terms of C/I. As discussed in [18] , constraints in Eq. (4c) are convex in terms of the unknowns {A}. Figure 2 . Power-pattern mask adopted to shape the directivity in such a way to realize the coverage shown in Fig. 1 . Notably, in imposing the constraints it is sufficient, by virtue of the nature of the adopted electromagnetic field's basis functions, to span just a π/3 azimuthal range of the observation domain.
Let us consider now the cost function in Eq. (4a). It is quadratic and positive semi-definite in terms of the unknowns and represents the radiated power. Its minimization implies that the power pattern will be as small as possible within the mask enforced by Eqs. (4b) and (4c), so that the field at the boundary of the central spot, i.e., the field in Eq. (4b), will be exactly equal to 1 for θ = θ EOC . Under such conditions, Eq. (4b) can be seen as an equality (convex) constraint. Then, by definition of directivity, minimizing the radiated power subject to an equality constraint on the field at the EOC angle means to maximize the directivity attained for θ = θ EOC [8] .
For all the above, it is possible to state that the problem in Eq. (4): (i) enforces the maximization of the EOC directivity (and within the whole central spot) while guaranteeing the desired 'power separation' amongst the central spot and the 'iso-color' regions; (ii) is a CP one and hence, provided that an intersection amongst the listed constraints does exist, it guarantees the fast achievement of the unique and globally optimal solution.
In the following, the actual capabilities of the approach are tested in a realistic synthesis scenario characterized by extremely hard antenna requirements.
AN ASSESSMENT OF PERFORMANCES IN A REALISTIC SCENARIO
In order to evaluate the actual effectiveness and usefulness of the proposed approach, its performance have been tested against the realistic scenario set by ESA (see [8] [9] [10] [11] ). The ultimate performances achievable by a circularly-symmetric continuous source in this scenario have been determined in [8] , and the aim of what follows includes the identification of 'whether and up to what extent' they can be improved by means of the proposed approach.
Coming to details, the ESA Invitations to Tenders (ITT) recalled in [8] [9] [10] [11] requires the realization of spots having a diameter of 0.65 • (i.e., θ EOC = 0.325 • ) and located with a center-to-center constant spacing of 1.12 • . The source must cover a circular aperture having a radius not larger than 60λ and realize an EOC directivity not lower than 43.8 dBi. Finally, the maximum directivity inside each 'isocolor' spots must be at least 20 dB lower than the EOC directivity. All requirements are rigorously taken into account by the power mask depicted in Fig. 2 , wherein the green circle represents the boundary of the central spot while the red regions correspond to 'iso-color' spots.
In the following two subsections, the outcomes of two separate 'optimal synthesis' [19] numerical experiments are respectively presented: first, we identified the maximum SLL performance for a fixed size of the source; second, we determined the minimum feasible size of the source able to guarantee the lowest acceptable SLL performance. The results achieved in the two test cases are summarized in Table 1 , wherein they are also compared with the requirements of the ESA mission scenario and the performances obtained in [8] . In both cases, in order to fulfil the criteria listed in Section 2 and to assign the same 'weight' to each field mode, we chose N = 3 and 
Maximizing the Radiation Performance for a Fixed Size of the Source
In the first example, a source having a radius equal to 50λ has been considered, and problem (4) has been iteratively solved by requiring lower and lower power-pattern values in the red regions of the UB mask (see Fig. 2 ) until constraints became so strict to prevent the existence of a solution. The achieved results are represented in Figs. 3 and 4 . In particular, Fig. 3 shows the synthesized continuous aperture source [sub-plot (a)] and the corresponding directivity [sub-plot (b)], while Fig. 4 provides further detailed views of the radiation performance. In all directivity plots we show also the Earth disc as seen from GEO satellites (consisting in a circle of radius 8.4 • ), the boundary of the central spot, and a pictorial view of all the interfering spots. As it can be seen, the proposed approach allowed to satisfy all the constraints on the 'iso-color' beams and to achieve a SLL 5.6 dB lower than the one achieved in [8] through a source having the same size (see Table 1 ). Moreover, the directivity attained at the EOC angle, i.e., 46.3 dBi, results just 0.3 dB lower than the one achieved in [8] through a source of the same size and just 0.5 dB lower than the one achieved in [8] through a source having a 20λ larger diameter. 
It can be concluded that the synthesized solutions actually take advantage from variations in both the elevation and azimuth angles, which cannot be the case as long as circularly-symmetric sources are used.
Identifying the Minimum Feasible Size of the Source
By enforcing (with respect to the EOC power) a SLL lower than −20.5 dB, i.e., 0.5 dB lower than the one adopted in [8] , we have solved problem (4) for lower and lower a values until constraints became so strict to prevent the existence of a solution. By so doing, we identified the minimum radius of a feasible source able to satisfy all the ESA requirements. The outcomes of the proposed procedures are shown in Figs. 5 and 6. In particular, Fig. 5 shows both the achieved aperture-field distribution (which turns out having a radius equal to 43λ) and the corresponding directivity. Similarly to Fig. 4, Fig. 6 provides a convenient zoom of the directivity in the spectral plane and a representation of the main cuts (through the central beam) of the radiation pattern. Both Figs. 5 and 6 show a pictorial view of all the interfering spots. In this case, the directivity achieves a maximum value of 47.9 dBi, i.e., just 0.73 dB lower than the maximum theoretical directivity computable through (5) , and attains at the EOC angle the value of 45.5 dBi. Again, as can be seen from Fig. 6 , decisive advantage is taken from the induced azimuthal variations in the source's spectrum.
CONCLUSIONS
The problem of the optimal synthesis of continuous aperture sources fulfilling at best the 'four-colors' geometrical map usually adopted in multibeam GEO satellite telecommunications has been formulated and solved. Decisive advantage has been taken from the capability of separately controlling the radial and angular field behaviors, which allows a 'smart interlocking' amongst the interfering beams and the highest sidelobes of the central beam. Thanks to the adopted formulation, the radiation creates null fields on the adjacent spots, where the other beams appear, in order to reduce interferences. Such a circumstance allows remarkable performance improvements with respect to the state-of-the-art available solutions.
By following the same guidelines leading from [8] to [9-11, 20, 21] , the achieved solutions can be used to design isophoric DRA.
Finally, the approach is very flexible and general as a proper change of the basis functions inside the adopted field's expansion can allow inducing any kind of angular symmetry on the power pattern distribution.
